Introduction
The following is an extended version of a talk given at the Kinosaki Symposium on Algebraic Geometry in October 2011. The aim is to give an overview of productquotient surfaces, the results that have been proven so far in collaboration with several different authors as well as pointing out some of the the problems that are still open.
In what follows we will use the basic notations from the classification theory of complex projective surfaces, in particular the basic numerical invariants K 2 S , p g := h 0 (S, Ω 2 S ), q(S) := h 1 (S, O S ); the reader unfamiliar with these may consult e.g. [Be83] . By Gieseker's theorem (cf. [Gie77] ) and standard inequalities (cf. [BCP10, thm. 2.3 and the following discussion]) minimal surfaces of general type with p g = 0 yield
Date: May 10, 2014. The present survey is an extended version of a talk given at the Kinosaki Symposium on Algebraic Geometry 2011 reviewing several joint articles with F. Catanese, F. Grunewald and R. Pignatelli, as well as some yet unpublished results. All the research contained in these papers took place in the realm of the DFG Forschergruppe 790 "Classification of algebraic surfaces and compact complex manifolds". a finite number of irreducible components of the moduli space of surfaces of general type.
Even if surfaces of general type with p g = 0 are the surfaces of general type which achieve the minimal value 1 for the holomorphic Euler-Poincaré characteristic χ(S) := p g (S) − q(S) + 1, the guess that they should be "easier" to understand than other surfaces with higher invariants is false by all means.
We refer to Mumford's provocative question, which he posed after in the previous decade it became clear that constructing surfaces of general type with p g = 0 is not easy at all. We refer to table 1 in [BPV84] to confirm that there were quite few examples known even in 2004. Our approach will be very much in the spirit of Mumford's question. Productquotient surfaces are surfaces which can be constructed with the help of a computer algebra program as MAGMA, even a classification up to a certain point can be obtained by a computer. Still one quickly arrives at a limit where certain geometric features cannot be detected by a computer anymore.
We would like to refer the reader to a recent survey on surfaces of general type with p g = 0 [BCP10] , for a historical account and an update on what is known.
The paper is organized as follows: in the first two sections we define what are product-quotient surfaces,recall their combinatorial properties and explain the necessary results to obtain the algorithm developed in [BP11a] .
In the third chapter we summarize the results on the classification of productquotient surfaces of general type with p g = q = 0 that were obtained in a series of papers (cf. [BC04] , [BCG08] , [BCGP08] , [BP11a] ). In the above articles a complete classification of product-surfaces S of general type with p g = q = 0, under the additional hypothesis that S is minimal, is given. It is in general a highly non trivial problem to decide whether a given product-quotient surface (where the singular model has non-canonical singularities) is minimal or not. Chapter 4 deals with the problem of finding rational curves on product-quotient surfaces, and exhibits a non-minimal example ("the fake Godeaux surface", discussed at length in [BP11a] ), where its minimal model is computed. The last section is dedicated to the problems which are still open and prevent us still from finishing the classification of product-quotient surfaces of general type with p g = 0 as well as some yet unpublished partial results (in collaboration with R. Pignatelli) which go in the direction of a solution.
What are product-quotient surfaces
We consider the following situation: let G be a finite group acting on two compact Riemann surfaces C 1 , C 2 of respective genera g 1 , g 2 ≥ 2. We shall consider the diagonal action of G on C 1 × C 2 and in this situation we say for short: the action of G on C 1 × C 2 is unmixed. By [Cat00] we may assume w.l.o.g. that G acts faithfully on both factors. Definition 1.1. The minimal resolution S of the singularities of X = (C 1 ×C 2 )/G, where G is a finite group with an unmixed action on the direct product of two compact Riemann surfaces C 1 , C 2 of respective genera at least two, is called a product-quotient surface.
X is called the quotient model of the product-quotient surface.
Remark 1.2.
(1) Note that there are finitely many points on C 1 × C 2 with non trivial stabilizer, which is automatically cyclic. Hence the quotient surface X := (C 1 × C 2 )/G has a finite number of cyclic quotient singularities.
Recall that every cyclic quotient singularity is locally analytically isomorphic to the quotient of C 2 by the action of a diagonal linear automorphism with eigenvalues exp( (1, a) and 1 n ′ (1, a ′ ) are locally analytically isomorphic if and only if n = n ′ and either a = a ′ or aa ′ ≡ 1 mod n. (2) It is well known that the exceptional divisor E of the minimal resolution of a cyclic quotient singularity of type
We denote by K X the canonical (Weil) divisor on the normal surface X corresponding to i * (Ω 2 X 0 ), i : X 0 → X being the inclusion of the smooth locus of X. According to Mumford we have an intersection product with values in Q for Weil divisors on a normal surface, and in particular we may consider the self intersection of the canonical divisor,
which is not necessarily an integer. Moreover, we have (in a neighborhood of x)
where the rational numbers a i are determined by the conditions
(4) Note that S is in general not a minimal model. In fact, to handle this is one of the biggest difficulties when trying to push the classification to the most general case, i.e., admitting no artificial restrictions on the singularities of X. (5) Since the minimal resolution π : S → X of the singularities of X replaces each singular point by a tree of smooth rational curves, we have, by van Kampen's theorem, that π 1 (X) = π 1 (S). A presentation of this fundamental group can easily be given using a result of Armstrong (cf. [Arm65] , [Arm68] ). Unfortunately a presentation of a group might not give much information about the group (e.g. it is in general undecidable whether the group is trivial or not). Using a structure theorem for the fundamental group of a product-quotient surface proved in [BCGP08] , we can use the fundamental group of X (or S) as invariant to distinguish different connected components of the moduli space of surfaces of general type.
We will need only the following combinatorial information about the singular locus Sing(X) of the quotient model X of a product-quotient surface:
(1) Let X be a normal complex surface and suppose that the singularities of X are cyclic quotient singularities. Then we define a representation of the basket of singularities of X to be a multiset
X has exactly λ singularities of type 1 n (1, a) .
I.e., B(X) = {2 × 1 3
(1, 1),
(1, 3)} means that the singular locus of X consists of two 
and consider the equivalence relation generated by "
of singularities is then an equivalence class.
The invariants of the basket of singularities, which are used in [BP11a] , are the following: Definition 1.4. Let x be a singularity of type 1 n (1, a) with gcd(n, a) = 1 and let
Then we define the following correction terms:
Let B be the basket of singularities of X (recall that X is normal and has only cyclic quotient singularities). Then we use the following notation
With these invariants K 2 S and e(S) of a product-quotient surface can be expressed as follows. 
(B).
A direct consequence of the above is the following:
Proof. By prop. 1.5 we have
By Noether's formula we obtain
The combinatorics of product-quotient surfaces
The key point for studying product-quotient surfaces is the fact that the geometry of the surface S is encoded in the combinatorics of the finite group G.
We start with the following observations.
Remark 2.1. 1) Let S be a surface of general type. Then
Since here we are interested only in regular surfaces (i.e., surfaces S with q(S) = 0), we only need to recall the definition of a special case of an orbifold surface group: a polygonal group, (cf. [BCGP08] for the general situation). 
Then T(m 1 , . . . , m r ) is the factor group of π 1 (P 1 \{p 1 , . . . , p r }, p) by the subgroup normally generated by γ
Hence, by Riemann's existence theorem, any curve C together with an action of a finite group G on it such that C/G ∼ = P 1 is determined (modulo automorphisms) by the following data: 1) the branch point set {p 1 , . . . p r } ⊂ P 1 ; 2) the kernel of the monodromy homomorphism π 1 (P 1 \ {p 1 , . . . p r }, p) → G which, once chosen loops γ i as above, factors through T(m 1 , . . . , m r ), where m i is the branching index of p i ; therefore giving the monodromy homomorphism is equivalent to give 2') an appropriate orbifold homomorphism
i.e., a surjective homomorphism such that ϕ(c i ) is an element of order exactly m i , with the property that the Hurwitz' formula for the genus g of C holds:
3. An r-tuple (g 1 , . . . , g r ) of elements of a group G is called a spherical system of generators of G, if < g 1 , . . . , g r >= G and g 1 · . . . · g r = 1.
Note that (ϕ(c 1 ), . . . , ϕ(c r )) is a spherical system of generators of G. Vice versa, a spherical system of generators of G determines a polygonal group T together with an appropriate orbifold homomorphism ϕ : T → G. Therefore a product-quotient surface S of general type with p g = 0 determines the following data
• a finite group G;
• two sets of points {p 1 , . . . , p r } and {q 1 , . . . , q s } in P 1 ; • two spherical systems of generators of G of respective length r and s.
Vice versa, the data above determine the product-quotient surface.
Remark 2.4. Different data may determine the same surface. This is in fact solved by considering the orbits of an action of a product of braid groups on the pairs of systems of spherical generators of a fixed group G (cf. e.g. [BP11a] ).
In order to get an algorithm that computes all product-quotient surfaces S with fixed χ(S) and K 2 S we need the following: Lemma 2.5. There are positive numbers D, M, R, B, which depend explicitly (and only) on the basket of singularities singularities of X such that:
. From this we can deduce an algorithm as follows:
(1) Fix integers χ and K 2 ; (2) find all possible baskets B of singularities with B(B) = 8 − K 2 ; (3) for a fixed basket find all signatures (0; m 1 , . . . , m r ) satisfying 2); (4) for each pair of signatures check all groups of order as in 3), whether there is a surjective homomorphism T(0; m 1 , . . . , m r ) → G; (5) check the singularities of the surfaces in the output.
Still to implement the algorithm in a way to be able to push through the computations we have to face several problems. 
The results
We list here the results which were obtained in the last years in different collaborations with F. Catanese, F. Grunewald and R. Pignatelli. Note that before proving the results summarized in theorem 3.1 only 12 topological types of surfaces of general type with p g = q = 0 and with 3 ≤ K 2 ≤ 6 were known. Surfaces with p g = 0 are also very interesting in view of Bloch's conjecture ( [Blo75] ), claiming that for surfaces with p g = 0 the group of zero cycles modulo rational equivalence is isomorphic to Z. Using Kimura's results ( [Kim05] , see also [GP03] ), the present results, and those of the previous papers [BC04] , [BCG08] , [BCGP08] , we get for the first time a substantial amount of surfaces confirming Bloch's conjecture. In view of theorem 3.1 it remains to classify all non-minimal product-quotient surfaces of general type. Table 2 . Minimal product-quotient surfaces of general type with 4. Non-minimal product-quotient surfaces: finding rational curves
In order to finish the classification of product-quotient surfaces S of general type with p g = 0 we need:
• to find an integer C such that K 2 S ≤ C implies that S is not of general type;
• if we have given a product-quotient surface S, either -show that S cannot be of general type, -prove that S is minimal, or -find the exceptional curves of the first kind on S.
Remark 4.1. Note that rational curves on S can appear as
• components of singular fibers, or
• they have to pass through the singular points at least three times (counted with multiplicities).
We need to consider the following diagram
Assume that Γ ⊂ X is a (possibly singular) rational curve. LetΓ := λ * 12 (Γ) = k 1 n i Γ i be the decomposition in irreducible components of its pull back to C 1 ×C 2 .
Observe that n i = 1, ∀i (since λ 12 has discrete ramification), and that G acts transitively on the set {Γ i |i ∈ {1, . . . , k}}. Hence there is a subgroup H ≤ G of index k acting on Γ 1 such that λ 12 (Γ 1 ) = Γ 1 /H = Γ.
Normalizing Γ 1 and Γ, we get the following commutative diagram:
and, since each automorphism lifts to the normalization, H acts onΓ 1 and γ is the quotient mapΓ 1 →Γ 1 /H ∼ = P 1 . 
This is sufficient to show the minimality of all product-quotient surfaces with p g = 0 and K 2 S ≥ 1 with the exception of one case, which we call the fake Godeaux surface, cf. section 4.1. For a detailed account of these arguments we refer to the original paper [BP11a] . 4.1. The fake Godeaux surface. Our MAGMA code, which can be downloaded from \protect\vrule width0pt\protect\href{http://www.science.unitn.it/\string~pignate produces 73 families of product-quotient surfaces of general type with p g = 0 and K 2 > 0, and theorem 4.4 shows that 72 of them are families of minimal surfaces. The 73rd output is exactly one pair of appropriate orbifold homomorphisms, which we will describe in the sequel.
We see G = P SL(2, 7) as subgroup of S 8 generated by (367) (458), (182)(456). Then
The pair (ϕ 1 , ϕ 2 ) above determines exactly one product-quotient surface S, which we have called "the fake Godeaux surface". Its topological fundamental group is the cyclic group of order six.
The notation is explained by the fact that minimal surfaces of general type with K 2 S = 1, p g = 0 are called Godeaux surfaces. By a result of M. Reid (cf. [Rei78] ) the order of the algebraic fundamental group of a Godeaux surface is at most five, implying that our surface has to be non-minimal.
Note that S is a surface of general type. In fact, in [BP11a] it is shown:
Theorem 4.5. The fake Godeaux surface S has two (−1)-curves. Its minimal model has K 2 = 3.
We briefly recall the construction of one of the (−1)−curves on S, for details we refer to [BP11a] .
We can choose the branch points p i of λ 1 : C 1 → P 1 and p ′ j of λ 2 at our convenience. In fact, assume (p 1 , p 2 , p 3 ) = (1, 0, ∞), (p ).
Consider the normalizationĈ ′ 1 of the fibre product between λ 1 and the Z/3Z-cover ξ ′ :
where the horizontal maps are Z/3Z-covers and the vertical maps are P SL(2, 7)-covers.
The branch points ofλ ′ 1 are the three points in ξ ′−1 (p 1 ), all with branching index 7.
For C 2 , we take the normalized fibre product between λ 2 and the map η ′ :
. Note that η ′ has degree 4 and factors through the involution t → 1 t
. Therefore it is the composition of two double covers, say
We get the following diagramĈ
where the horizontal maps are Z/2Z-covers and the vertical maps are P SL(2, 7)-covers. Then the branch points ofλ In a similar way we find a second (−1)-curve E ′′ on S. Looking at the dual graph (cf. diagram (3)) of the configuration of the rational curves E ′ , E ′′ and the Hirzebruch-Jung strings over the singular points of X, it follows easily that blowing down these two exceptional curves we get the minimal model S ′ of S with invariants K 2 S ′ = 3, p g = 0. We start with the following:
Consider the curveĈ
Proof. By the Hodge decomposition and Künneth's formula we get:
G , whence the claim is proven once we show that h 1 (Ω 1 C 1 ×C 2 ) G ≡ 0 mod 2. We recall that by Künneth's formula (cf. e.g. [Ka67] ) and Hodge theory
Let σ : S → X be the minimal resolution of the singularities of X. Then we can show the following: Proposition 5.2.
(1) Let S be a product-quotient surface with q(S) = 0. Then Corollary 5.6. Let G be a group, where all irreducible characters are real (i.e. self dual). Then for each product-quotient surface S with p g = q = 0 and group G we have dim H 2 (X, C) = 2.
New numerical invariants of product-quotient surfaces.
Since the algorithm developed in [BP11a] is getting very time and memory consuming when K 2 is getting small. To be more precise, it seems very unlikely that it is possible to push the calculations to values of K 2 ≤ −3. This is a serious obstacle for finishing the classification of product-quotient surfaces of general type with χ(S) = 1 even if a lower bound for K 2 can be found. Therefore it seems natural to look for different invariants of product-quotient surfaces.
We introduce the following invariants of a cyclic quotient singularity of type 1 n
(1, q) (recall that 1 ≤ q ≤ n − 1, gcd(n, q) = 1 and q ′ is the multiplicative inverse of q mod n). 
